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Abstract. Skew-symmetric sum of A^! compositions of A^ vec- 
tor fields in all possible order is called A^ -commutator. We con- 
struct 10 -commutator and 13 -commutator on Vect{3) and 10- 
commutator on a space of divergenceless vector fields Vecto{3). 
We show that 2 -commutator, 10 -commutator and 13 -commutator 
form final list of A^ -commutators on Vect{3) and under these 
polylinear operations Vect{3) has a structure of sh-Lie algebra. 
We establish that the list of 2 -and 10 -commutators on Vecto{3) 
is also final. Constructions are based on calculations of powers of 
odd derivations. 

Let {A, o) be an algebra with vector space A and multiplication o . 
Let C < ti, . . . , tfc > be a space of non-commutative non-associative 
polynomials. Any / G C < ti, . . . > induces a k-aij map 

f : A X ■ ■ ■ X A ^ A, 

k 

that corresponds to any oi, . . . , G A element /(oi, . . . , a^) calcu- 
lated in terms of multiplication o. If this map is trivial, i.e., /(ai, . . . , a^) 
0, for any Oi, . . . , G A then / = is said an identity on {A, o). 
If / is polylinear, then / induces a k -ary multiplication on A. For 
example, if S2 = ^1^2 — hti E C < ti,t2 >, then 

52(0, b) = aob — boa 

is an ordinary commutator. 
Let 

Sk= signat„(i){---{t^{k-i)ta{k))---) 

a&Synik 

be standard skew-symmetric polynomial. Let Diffn be a space of dif- 
ferential operators with n variables. For simplicity assume that vari- 
ables are from C[xi, . . . , Let Diffjf^ be a subspace of differential 
operators of order d : 
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We can interpret differential operators of first order as vector fields 
and identify Diff^^ with a space of vector fields Vect{n). Consider 
Sfe as a /c -ary operation on a space of differential operators Diffn- So, 
Sk{Xi, . . . ,Xk) is a skew-symmetric sum of compositions of k oper- 
ators Xcr(i) ■ ■ ■ by all k\ permutations. In general, composition 
of k operators of orders di, . . . ,dk is a differential operator of order 
di-\ \- dk- Therefore, 

In fact differential order of Sk{Xi, ... , X^) is less than di+. . .+dk. For 
example, differential order of Sk{Xi, . . . , X^) is no more than n, if all 

Xi, . . . ,Xk are operators of order 1 (vector fields) on n -dimensional 
manifold for any k [2]. Moreover, for some k might happen that Sk 
will be well-defined operation on Diff^^^ : 

Xi, . . . , Xfe G ^ Sk{X,, ...,Xk)e Dzff^^K 

In [1] is established that s„2_|_2„-2 is well-defined on Vect{n) = Diff^^ 
and in [2] is proved that Sn2+2n-i = is identity on Vect{n). For 
example, Vect{2) has 6 -commutator and skew-symmetric identity of 
degree 7. Space of Hamiltonian vector fields on 2 -dimensional plane 
VectQ{2) has 5 -commutator and skew-symmetric identity of degree 6. 

Question 1. (n > 1). Is it true that N = n'^ + 2n — 1 is index of 
nilpotency for operator D, i.e., _D"^+2"^-i = o, but _D"^+2n'-2 ^ q ? 

We think that coefficient at Hi Vi Il(i,j)j^{n,n) 9ir]j Hi^n dfrjidn of D'^ +^ 
is non-zero. Computer calculations on Mathematica shows that this 
coefficient is equal 1,2, 3600 for n = 2,3,4. 

Question 2. (n > 3). Is it true that Sn2+2n-2 is a unique N- 
commutator well-defined on Vect{n), for N > 27 In other words, is 
it true that 

e DerCn,n>2,,^ N = 2 or + 2n - 2? 

In our paper we prove that for n = 3 answer to this question 
is negative. According to our results Vect{?>) has 2 -commutator, 
10 -commutator and 13 -commutator and this list of iV -commutators 
is complete. Notice that 13 -commutator is connected with a skew- 
symmetric identity of degree 14, but 10 -commutator has no such con- 
nection with skew-symmetric identity of degree 11: Sn even is not 
well-defined operation on Vect{?)). 

Let us give some quantitive parameters about D^^ and D^^. D^^ 
has three escort invariants. They have types (2,7,1), (3,5,2) and 
(3,6,0,1). It has 489 terms of type (2,7,1), 3093 terms of type 
(3, 5, 2) , 480 terms of type (3, 6, 0, 1) and all together 4062 terms. 
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D^^ has one escort invariant. It has type (3,8,2) and has 261 terms. 
In other words, Sio(^i, . . . ,-^^10) can be presented as a sum of 4062 
10 X 10 -determinants of three types. Similarly, si3(Xi, . . . ,Xi2) can 
be presented as a sum of 261 matrices of order 13 x 13. 

To see that D^^ is well-defined on Vecto(3), we change all terms of 
^10 ijj^g d^nsds, as > 0, to -a"-^3+^ir/i9i-9"-^3+£2^292. We obtain 
element with 864 terms, among them 82 has type (2,7,1), 76 has 
type (3,6,0,1) and 706 has type (3,5,2). 

It is easy to see that D'^ is a sum of compositions of the form 
D -ki ■ ■ ■ {D •ki^_i D) ■ ■ ■), where (*!, . . . , ★fc-i) is a sequence of 

two symbols o or • such that there are no two consequative • and 
whole number of • is no more than |/|. In particular we see that the 
differential order of is no more than min{k + 1/2, |/|). This esti- 
mate is not strong. One can see that, for n = 2, 3 differential orders 
of are given as follows 

n = 2 

k 1 2 3 4 5 6 7 
ddegD^ 1 1 2 2 2 1 -00 

n = 3 

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
ddegD^ 1122333331 2 2 l-oo 

If D e DeroCn, i.e., Div D — 0, then the growth of differential orders 
of D'' given as 

n = 2 

k 1 2 3 4 5 6 7 
ddegD^ 1 1 2 2 1 -00 -00 

n = 3 

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
ddegD^ 1 1 2 2 3 3 3 3 3 1 2 -00 -00 -00 

We pay attention to a drammatical jumping of ddeg D'^ in (n. A;) ~ 
(3,10). Here we see that D^^ is a derivation or that the 10 -commutator 
is defined correctly on Vect{Z). One can check that Div D^^ = and 
hence 10 -commutator is a well defined commutator on V^ecio(3) also. 

Theorem 0.1. Let D — Yh=iVA £ Der he odd derivation. Then 

e Der Cs®C[xi,X2,xs], 
D^^ e Der £3^ C[xi,X2,X3\, 
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D^^ = 0. 

// e DerLs ^C[xi,X2,X3], then AT = 2, 10, 13. 

Theorem 0.2. Let D = Y,i=iVA ^ Der C3 be odd derivation and 
Div D = ELi diVi = 0. Then 

e DerCs ® C[xi,X2,X3\, 

DivD^° = 0, 
D'' = 0. 

// e L>er£3«'C[xi,X2,a;3], and Div D = 0, then N = 2 or 10. 

1. s/„-MODULE STRUCTURE ON U = C[xi, . . . , X„] AND DiffniU) 

Endow [/ by a structure of module over Lie algebra gin =< Xidj : 
i, j = 1, . . . ,n,i ^ j > . Define an action of gin on generators of U 

by 

n 
i=l 

and prolong this action to U as an even derivation: 

a{XY) = a(X)y + Xa(y), 

for any X,Y E U. Prolong the g^Z^ -module structure by natural way 
to Diffn{U). Notice that gin acts on Diffn{U) as a derivation 

a{FG)^a{F)G + Fa{G), 

and as -module subspaces < Uidj : i,j = 1,... ,n >C Diffn{U) 
and < di{uj) : i, j = 1, . . . ,n> are isomorphic to adjoint module. 

Denote by tti, . . . ,7r„_i fundamental weights of sin and by R{'j) 
the irreducible sZ„ -module with highest weight 7. Let 

=< 9" : a e Zl, |a| = s > 

and 

Us —< d°'ui : a e Z" , \a\ — s,i — 1, . . . ,n > . 

Since 9^ are even and Ui are odd elements, take place the following 
isomorphisms of sZ„ -modules 

^ i?(s7ri). 

In particular, 

V:^<di:i^l,... ,n>^ i?(7r„-i), 

:=< didj -.ij^l,... ,n>^ i?(27ri), 
C/q =< Ui : i — 1, . . . ,n >= -R(7ri), 
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Ui =< di{uj) : i,j = 1,... ,n>= i?(7ri) ®i?(7r„„i)i?(7ri + 7r„_i) ©i?(0), 

U2 =< didj{us) ■.i,j,s = l,... ,n>^ i?(27ri)®i?(7r„_i) ^ i?(27ri+7r„_i)©i?(7ri). 

We use the following well-known isomorphisms without special men- 
tioning: 

A"-^i?(7ri) = i?(7r„_0, 

A"i?(7ri) ^ R{0), 

A"'-^i?(7ri + 7r„_i) ^ i?(7ri + 7r„_i), 

A"'i?(7ri + 7r,_i) ^i?(0). 

Lemma 1.1. a{D^) — for any a e g'/n- 

Proof, li k = 1 then action of a G gin corresponds to adjoint 
derivation and D corresponds to Euler operator. Therefore, 

n 

a{D) = [a,J2ui9i] = 0. 

If our statement is true for k — 1 then 

a{D'') ^kD''-^[a,D]^0. 

□ 

2. Escort invariants of A?" -commutators 

Let L = Wn be Witt algebra and U = C[a;i, . . . ,Xn] be natural 
L -module. Then 

• L — ®i>-iLi is a graded Lie algebra, 

Ls =< x"dj : \a\ = s + 1 >, 

• U — (Bi>oUi be associative commutative graded algebra with 
1, 

Us =< x°' : \a\ = s >, 

• L acts on U derivation algebra, i.e., 

X{uv) = X{u)v + u{Xv), 

for any X & L,u,v & U and 

• this action is graded: 

LiUjCUi+j, i>-l,j>0. 
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In particular, Lq is a Lie algebra isomorphic to gin and all homoge- 
neous components Lg and Ug have structures of -modules. Then 
as sZ„ -modules, 

L_i =< 9i : i = 1, . . . , 9„ >^ i?(7r„_i), 

Lo =< Xidj : i, j = 1, . . . ,n >= i?(7ri) ® -R(7r„_i) ® i?(0), 
Li =< XjXj-^s : s = 1, . . . ,n >= i?(27ri -F7r„_i) ® -R(7ri). 
Let M be graded L -module. It is called (L, U) -module if it has 
additional structure of graded module over U such that 

X{um) = X{u)m + uX{m), 

for any X ^ L,u ^ U.m & M. Call M (L, U) -module with a base 
N if N = M^-i =< m e M : X{m) = 0,WX e L_i > and M 
is free C/ -module with base N. If Mi, . . . , Mjt and M are (L, ^7) - 
modules with bases and is a base of M, then a space of poly- 
linear maps C(Mi, . . . , M^; M) =< ip : Mi x • • • x Mk ^ M > is 
(L, U) -module with base and this base as a vector space is isomorphic 
to C(Mi, . . . ,Mk]M). In particular, to any L_i -invariant polylinear 
map ip e C(Mi, . . . , Mk, M) one can correspond some polylinear map 
esc(V') e C(Mi, . . . , Mfe; A^) called escort of V, by 

esc(V')(mi, . . . ,mfc) ^ pr{ijj{mi, . . . ,mfe)), 

where 

pr : M ^ N, 

is a projection map to A^, i.e., pr{x°'m) = Sa,ofn. Inversly, for any c/) G 
C(Mi, . . . , Mk] N) one can correspond some L_i -invariant polylinear 
map ij = Ecpe C{Mi, ... ,Mk;M) by 

E<P{Xi,... ,Xk)= Yl Ea,{X,)---Ea,{Xk)(P{ai,... ,ak), 

aieMi,...,akeMk 

where Oj run basic elements of Mj of the form x^rij, rii run basic 
elements of a base of Mj. If Mi = = M^ = L all are adjoint 
modules then 

Details of such constructions see [3]. 

Apply this theory for L -module of differential operators M = Diff^ =< 
ud'^ : u e U,a e Z1 > . Endow M = Diffn by grading: 

Ms =< x'^d^ : |a| = s > . 

Diffn has a structure of associative algebra, in particular, it is a Lie 
algebra under commutator. As a Lie algebra it has a subalgebra iso- 
morphic to Wn, and hence it has a structure of adjoint module over 
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Wn- Make Diffn U -module under action u{vd'^) = uvd'^. Wc sec 
that M-^-i =< 9" : q; e Z!J: > and M is free [/-module with base 
M^-i. Therefore, Diffn is (L, [/) -module. 
Define Sk G C'iL.M) by 

. . . , Xfc) = ^ sign a • • • X^(^k) . 
We see that Sk is L_i -invariant and graded: 

k 

di{sk{Xi, . . . , Xfc)) = ^ Sfc(Xi, . . . , [(9i, Xs], X^+i, . . . , Xk), 

s=l 

for any 9j e L_i, Xi, . . . , Xj. e L, and 

Sk{Lii, . . . , Li^) C Mj^+...+j^, 

Fix some ordering on the set of basic elements of Wn- Let us take, 
for example, the following ordering: x"di < X^dj, if i < j or |a| < 
if i = j or « < /3 in lexicographic order if i = j and \c(\ = \beta\. As 
we mentioned above any L_i -invariant cochain C^{Wn, Diff^) can 
be restored by its escort. In particular, can be restored by its 
escort. Any escort is defined as a polylinear map on its support. Call 
a subspace of k -chains ai A • • • A e A'^L generated by basic vectors 
oi, . . . , Ofe such that 

Sk(ai,... ,ak) e<d" ■.aeZl> 

as a support of s^. Then supp{sk) has a structure of s/„ -module as a 
s/„ -submodule of A'^L. We know that s/„ -module Diff^-^ =< d°' : 
a G > is isomorphic to a direct sum of s/„ -modules Ripi^n-i) '■ 

Then supp{sk) is also a direct sum of s/„ -submodulcs suppp{sk). 
where suppp{sk) is a s/„ -sub module of A^L generated by suppport 
k -chains ai A ■ ■ ■ A such that 

Sfc(ai, .... Ofc) G< 9" : Q! e Z^, |q!| = p > . 

So, we see that any standard skew-symmetric polynomial Sk induces 
a serie of sin -invariant maps 

suppp{sk) R{pTln-l)- 

Call such maps escort invariants. So, the calculation problem oi k- 
commutators is equivalent to the problem of finding escort invariants. 

Example. esc{sk) = if /c > n^-|-2n — 1 and s„2_,_2n-2 has exactly 
one escort invariant it!(7ri)(8)it!(7r„_i)(8)A"~^it!(27ri-|-7r„_i) — > i?(7r„_i). 
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3. Differential polynomials super-agebra 

Let Z be set of integers, Z_|_ a set of non-negative integers, Z" a set 
of n-typles a — (ai, . . . ,Q;„),Q;i G Z,i G /, and Z^f: = {o; G Z^lctj > 
0, i G /}. Let Si G Z" with i-th component 1 and other components 
are 0. Then a — OijSj, for any a G Z". Set 

n 
i=l 

Endow sets Z" and Z" x {1, . . . , n} by hnear ordering: a < /3 , if 
or 

|q;| = ai = . . . , as-i = > /3s, 

for some s = 1, • • • , n. Set (a, i) < if i < j or i = j, a < /9. 

Let £„ be an super-commutative associative algebra over a field K 
generated by odd elements e„,j, where a G 'Z'^,i G /. Then 

for any q;,/9,7 G Zlji,-?, j, s G /. Elements Ca^ie^j ■ ■ -e^^g with (a,?) < 
(/3)i) < ■ ■ ■ < (7) 5) form base of We fix this base and call such 
elements base elements of . Call number of indexes ,s of 

base element e as its length and denote /(e). 

Any base element of can be presented as e = e'^^^e'^Je^^] ■ ■ -e'^l, 
where e^'*' is a product of ordered generators of a form ea,i with \a\ = 
s+1. Call s -component oi e and its length /(e'*!) , denote it /^(e) , 
call as s -Length of e. Thus, 

Ke) = E Me). 
i>-i 

Let di = & I , are partial derivations ol U — K[x-i, . . . 
Prolong these maps to maps of by 

It is easy to see that di satisfies Leibniz rule 

for any /3, 7 G Z". So, we have constructed commuting even deriva- 
tions 9i, . . . , 9n G Der{Cn ® U) and 

for any aeZ\,ieI. Here = (0, . . . , 0) G Zlj:. 
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Space Ln has three kinds of gradings. The first one, Z" -grading is 
defined by 

I |^Q;,i| I ^ 

and for other base elements are prolonged by multiplicativity, 

I l^a^i^PJ ' ' ' ^7,s I I ^ P ~\~ ' ' ' 'y ^s* 

The second grading is induced by Z" -grading. It is Z -grading de- 
fined on base element e = Ca^iC^j ■ ■ ■ e^^s by 

|e| = -l{e) + \a\ + \p\ + h ItI- 

The third grading is defined by length. Let = s, if ^ is a 
nontrivial linear combination of homogeneous base elements of length 
s. 

Call 

wt{e) = \a\-\ h - /(e) 

weight of e. A parity on is defined by length. Let i2||' be linear 
span of base elements u with l{u) — I. Let be a linear span of 

base elements u with l{e) — l,wt{e) — w. 
Example. 

£W = (e«,,|aeZ-,i = l,... 
4"^ = (eo,i • • • eo,n) , 

Proposition 3.1. is associative, super- commutative graded alge- 
bra: 

{uv)w = u{vw), 

= ®l>l,w>-n^n'^\ 

for any u,v,w e £„. 

Note that any base element u & Cn can be presented in a form 
■U-iMo ■ ■ - Ur where Us, s = —1,0, .. . ,r are base elemenents and Ug are 
products of generators of weight s. We say that base element u G Cn 
has type Iq, . . . , Ir) , if m is a product of Ig generators of weight 
s , for s — —1, 0, . . . , r. 
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Lemma 3.2. Any base element u E Cn satisfy the following conditions 

h{u) = l{u), 

i>-i 

ili{u) = wt{u), 

i>-l 

f n + i\ 

li{u) <n\.^^\, i>-l. 

Proof. First two relations are reformulations of grading property of 
Cn (proposition 3.1). As far as last two relations, they follow from the 
fact 

\{aeZl\\a\=t + l}\=(^^^'^. 

Example. Let u = r]id\r]2did2r]2- Then u is odd base element of 
type (1,0,2) and l{u) = 3,wt{u) = 1. 

Let Diffn be an algebra of differential operators on . It has a 
base consisting differential operators of a form ud°', where a e Z" 
and w is a base element of Endow Diffn by multiplication • 
given by 



Here 

Multiplication ■ corresponds to composition of differential operators. 

Endow Diffn also by two more multiplications o and •. They are 
given by the following rules 



We see that 

X-Y = XoY + XmY, 

for any X, F G Diffn- 

For a base element X — ud°' e Diffn define length 1{X) , weight 
wt{X) , parity q{X) and differential order ddeg{X) by 

l(X)^l(u), 

wt{X) — wt{u) + \a\, 

q{X)^l{u), 
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ddeg{X) = \a\. 

Let 

Diffjf = {X\ddeg{X) = d) . 
DiffV'^^^{X\l(X)^l,wt(X)^w), 
Diffl^-^A ^ (^x\l{X) = Z, wt{X) = w, ddeg{X) = d) . 

Denote a space of differential operators of first order Diff}^^ by Wn- 
For a differential operator X — Z^aez^^ Vctd°' G Diff^, define its 
differential order deg{X) as maximal \a\ , such that Va 7^ 0. 

Proposition 3.3. Space of differential operators under different mul- 
tiplications have the following properties. 

The algebra {Diffn, ■) is associative super- algebra: 

X ■ {Y ■ Z) = {X -Y) ■ Z, 

for any X,Y, Z & Diffn. This agebra is graded, 

Dlffn = ®l>0,u,>-nDzff!'^\ 

Diffl'^^ . Difft^^^ C Diffl+'^'^+^-\ 
The algebra {Wn, o) is super-left- symmetric: 

{X, y, z) = X, z), 

for any differential operators of first order X,Y, Z , where {X, Y, Z) — 
Xo{Y oZ) — [X oY)o Z is associator. Moreover, super-left-symmetric 
rule is true for any X,Y & Diff}^\ Z e Diffn,. This algebra is graded, 

The algebra {Diffn, •) is associative super-commutative: 

X • (y • z) = (X • y) • z, 

for any X,Y,Z e Diffn- This algebra is graded under length, weight 
and differential order, 

Diffn = ®^>0,«,>-n,d>0^^//^'"'''^, 

Any differential operator of first order under multiplication o acts 
on {Diffn, •) c-s a derivation: 

X o{Y»Z)^{XoY)»Z+ (-l)?W9(^)y •{XoZ), 

for any X eWn,Y,Z e Diffn- 
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Proof. Notice that natural action of Wn on coincides witii 
left-symmetric product: 

X{rj)^Xon, 

for any X e Wn,r] G Cn- Therefore, we have the following connection 
between composition and left-symmetric multiplications: 

{X.Y){r,)^{XoY){r,)) 

but 

{X-Y){rj)^XoY{rj), 
for any X,Y E Diffn^rj G £„. Moreover, composition of differential 
operators of first order can be expressed in terms of left-symmetric 
multiplication, 

(X-y)(r?)=Xo(For/), 
for any X,Y e Wn, rj e jCn- Thus, 

(X oY + X •Y){7]) = X o {Y o 7]), 

and 

Xo{Yor])-{Xo Y){r]) ^ {X • Y){r]). 
Since X oY e Wn, this means that 

Xo(Yor])-(XoY)or]^{X»Y)(r]). (1) 
for any X,Y e Wn, rj E Cn- By these facts we see that 

([X, Y] .ZM = {X-Y- (-l)'?(^M^)y . X){Z{v)) 
^ {X oY + X mY - oX- (-iym<iiy)Y .X)o {Z{r])) 

^{XoY- (-1)^™^^ oX)o {Z{7])). 
On the other hand 

{[X,Y] . ZM = {X.{Y-Z)^ . (X . Z)M 

= X o {Y ■ Z){ri) - o (X ■ Z){'q) 

= X o (F o Z{r])) - {-l)ii^)'iO^)Y o{Xo Z{rj)). 

Hence, 

(Xor-(-l)''(^)9(^)roX)o(Z(77)) = Xo(roZ(r7))-(-l)^™^)ro(XoZ(77)). 
In other words, 

{XoY- (- oX)oZ ^ Xo(YoZ)- {-l)'iW<i{y)Y o (XoZ), 

for any X,Y e Wn, Z e DtfU 

Other statements of our proposition are evident. □ 

For a base element X = ud^ e Diffn say that it has type {l-i, Iq, h, ■ ■ ■ , Ir', d) 
if u has type Iq, . . . , Ir) and \a\ — d. 
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Example. Let X = riiri^diriid2riid2ri2did2d^ri^did2. Then X is base 
element of -Di/Zs of type (2,3, 0,1; 1), weight 2 and differential order 
2. 

Lemma 3.4. Any base element X e Diffn satisfies the following 
conditions: 

y: k{x) = i{x), 
i>-i 

ik{X) + deg{X) = wt{X), 

i>-i 

h{X)<n(^^^'^, t>-l. 

Proof. Follows from proposition 3.3 and Lemma 3.2. □ 
Let _Di//^'-i''o' --'''-;'^) be a subspace of Diff^ generated by base el- 
ements of type (/„i,/o)--- ,lr',d). Let 

be projection maps. 

Polynomial space U = K[ ] has natural gradings: 

It has standard base {a;" = nr=i2^nc>; G Z**}. These gradings on 
and U induce gradings on ® U. 

In previous section we define parity q on Cn®U. Below we set 

So, instead of ea,j we can write d°'r]i. Then for 77 = d°''^rii^ ■ ■ ■d°'''rii^ 
we have 

/(r/) = k. 

We identitfy with (g) 1 and consider as a subalgebra of 
Cn ® U. 

4. Differential operators of first order on 

Wn = Diff^^ has two algebraic structures. The first one, a structure 
of super-Lie algebra, is well-known. Let 

[L>i,L>2] = D1D2 - (-1)«(^i)''(^^)L'2A. 
be super-commutator. Then 

[D^,D2]^-{-iy^''^^''^^^\D2,D,], 
[Di, [D2, D,]] = [[D„ D2], D,] + [D^, D^]]. 
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Notice that 

for any C £ ^n- Recall that for any D e Wn, corresponding adjopint 
operator 

adD -.Wn^Wn 

is a derivation of Wn- Therefore, Wn can be interpretered as a deriva- 
tion super-Lie algebra of £„. 

The second structure of algebra on Wn can be done by left-symmetric 
multiplication. It is less known. Define a product o by 

Then for ant Di, D2, D3 e Wn, 

(left-symmetric identity). Here 

(L>i, D2, Ds) = L>i o {D2 o D3) - (Di o D2) o L>3 
is associator. 

Remark. Let Diff^''^ be subspace of Diffn of order no more than 
k. Well known that 

DtffS"^ = UC Dtffi'^ C Dtffi'^ C • • • 

is an increasing filtration on Diffn, 

Diffi'^ ■ Dtffi^^ C Dtffi'+^\ k,s>0. 

So, Diffl^^^ has a structure of algebra under composition operation, if 
A; = 0, Diffi^^ has an algebraic structure under commutator. One cas 
ask about algebraic structures on Diff^'^^ for k > 0. In other words, 
is it possible to find some N — N{n, k) , such that 

x,,...,x^e Dtffi'^ ^ sr,{X,, ...,X^)e Diff!^\ 

One can prove the following 

Theorem 4.1. Let n > 1. Then S(n+i)2 — Q is identity on Diff^^ 
and s„2+2n, s„2+2n-i are well-defined operations on Diffj^\ Moreover, 

S„2+2n(^l, ■ ■ ■ , Xn2+2n) ^ Diff^\ for all Xi, . . . , Xn2+2n £ Diff^\ 
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5. Calculation of 
Let Tji, . . . ,rin are odd elements and 

n 



=1 

n 



F ^ DoD^ VidiVjdj.. 

Notice that 

• F is even element of W„ 

. UiF) = 1, lo{F) = 1, Z,(F) = 0, s > 0. 

Therefore, 

G Diffj^''^l 
Define left-symmetric power D"'' by 

= DoD°^^-^\ if A; > 1, 
D°^= D 

Similarly one defines bullet power D*'' and associative power D'^. 
Since multiplications • and • are associative, in last cases D*'' and 
D '' have usual properties of powers 

These facts are not true for left-symmetric powers. For example. 
Do {Do D°^) ^{DoD)o D°^, 

but 

DoD°'^oD)^{Do D°^) o D. 
Lemma 5.1. D '^ — F. 
Proof. 

n n 

D"^ ^D-D = vAVjdj + J2 ViVjdidj. 

i,j=l i,j=l 

Since rjiTjj — —rjjTji and didj — djdi, we have 

n 

Yl ViVjdidj = 0. 

Thus, 

= E VidiVA = DoD^F 
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Lemma 5.2. = for any n = 1, 2, 3, ■ • • 

Proof. We use induction on n. 
If n — 1, then nothing is to prove. 
Suppose that 

^o(2(n-l)) ^ ^o(n-l) 

for some n > 1. Then by definition 

^o(2n) ^ (DoD°2("-l)) 

Since is odd, by left-symmetric property of {Wn, o) (proposition 
3.3) 

{D,D,G)^ 

for any G e Wn- Thus, 

Do{DoG) = {DoD)oG. 

Therefore, 

By inductive suggestion. 

Lemma 5.3. F o F'^ = kF<^-^^ • F°^ 

Proof. Since F G W„ is even derivation, any any left-symmetric 
multiplication operator acts on {Diff^,*) as a super- derivation (propo- 
sition 3.3) we have 

F o (F'F) = {FoF)»F + F»{FoF). 

By commutativity of bullet-multiplication this means that 

F o = 2F • 

Easy induction on k based on a such arguments shows that our lemma 
is true in general case. 

Lemma 5.4. = F°^ + F'^ 

Proof. By Lemma 5.1 and by associativity of o , 

D^ = D^-D^^F-F = FoF + F»F. 
Lemma 5.5. = F°^ + 3F • F°^ + F*^. 

Proof. By Lemma 5.1 and Lemma 5.4, 

= F o (F°^ + F*^) + F • (F°^ + F*^) 
F°^ + F o F*'^ + F • F°^ + F*^. 
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Thus by Lemma 5.3, 

Lemma 5.6. = + 3F°^ m + 4F • + 6F°^ • F*^ + F'^. 
Proof. By Lemma 5.3 

F o = 3F°2 • F*2. 
Therefore, by Lemma 5.1, Lemma 5.5 

^ D'^ ■ ^ D'^ o + • 

= Fo {F°^ + 3F • + F'^) 
+F • (F°3 + 3F • + F*3) 

= + 3F°2 • + 3F • + 3^°^ • F'^ 

= + 3F°2 • + 4F • F°=^ + 6F°2 • F'^ + F*^ 
Lemma 5.7. 

2)10 ^ ^o5 

+5(F°2 • F°=^ + F o (F • F°^)) 
+5(2F°3 • F*2 + 3F • F°2 • F"^) 
+4F°2 , F*^ + 6F°2 • F*^ + F'^ 

Proof. By Lemma 5.6 and Lemma 5.3 

= F)2 o F)^ = F)2 o F)^ + F)2 • 

= F o (F""^ + 3F°^ • F°^ + 4F • F°^ + GF"^ • F*^ + F*^) 
+F • (F°^ + 3F°2 • F°2 + 4F • F°3 + 6F°2 • F*^ + F*^) 

= F°^ + 3F o (F°2 • F°2) + 4F o (F • F°^) + 6F o (F°=^ • F*^) + F o (F*^) 
+F • F°^ + 3F • F°2 • F°2 + 4F'2 • F°^ + 6F°2 • F*^ + F*^) 

= F°^ + 6F°^ • F°^ + 4F°^ • F°^ + 4F • F°*^ 
-f 6F°^ • F*^ + 12F°^ • F°^ • F + 4F°2 • F*^ 
+F • F°*^ + 3F • F°^ • F°^ + 4F*^ • F°^ + 6F°^ • F*^ + F*^) 



= F°^ 
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+10F°2 • + 5F • 
+10F°^ • + 15F • • 

By Lemma 5.3, 

F o {F°^ • F) = • F + • 

Thus 

F°^»F°^ + Fo{FmF°^). 

Our lemma is proved. 

Lemma 5.8. For any G e Diffn, 

n 

Fo{llr]rG)^0. 

r=l 

Proof. We have 

Vidi{Vj)dj{vi---Vn) 

n 

where 

= ■mdiVj'ni • • • ■ns-idj{r]s)r]s+i ■■■r]n. 

If s 7^ i, then 
where 

Since 77j?7j = 0, this means that 

e. = o, 

if s ^ i. If s = i, then 

= ±Vi9iVjdjVi IlVr^ dir]jdjr)i(\Jrir). 

We have 

n 

J2 dir)jdjr)i ^61 + 62 + 03, 

where 

i<j 

^2 = ^diTjidirji, 
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i>j 

Since elements diTjj and djiji are odd, 

61 + 63 = 0, 62 = 0. 

Thus, 

n n 

FoiH r)rG) = ( Y: dir)jdjr),)l[r)rG = 0. 

Let 

-ua^l-u e £„, a e r„, |q;| = s > 
be a space of differential operators of order s and 

be projection map. 

Lemma 5.9. // n = 3, I? = S^Li 1*1^1, a'^t^ oJ^e odd, then 

nD = F°^ 

r^D^o = 5(F°2 •F°^ + Fo{F» F°^)), 

T,L>^° = 0, s > 3. 

Proof. Follows from Lemma 5.7 and from the fact that F"^ = 0, if 
s > 11. 

Conclusion. To find D^^ we need to calculate F°^, for s = 1, 2, 3 
and 

6. Second bullet-power of F 
The following calculations are not difficult. 

^mv3;df = -r]ir]3'2dir]id3r]idl, 
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7. Second left-symmetric power of F 
It is not hard to obtain the following results. 

r)i{-2dir]id2r]idir]2 - 2dir]id3r]idir]3 + (?2?7ic?i?72(?2?72 
-92771 937729i?73 + 93771 9i77292?73 + 9377i9i 77393773)91, 

772(-9i 771 92771 92772 - 9i 771 93771 92773 - 92771 93771 9i 773 
-92771 9377292773 + 93771 92772 92773 + dzr]id2r]zd^r]^)di, 

F°\ = 
mm 

?73(-9i 771 92771 93772 - 9i 771 93771 93773 - 92771 9277293772 

+927^1 937/1 9i?72 - 92?7l 937/2937/3 + 937/1 937/2927/3)9i, 
po2 _ 

77l772(-9i77i9i 927/1 - 917/2927/1 - 817)382837)1 
+927/1 9^7/1 + 827)281827)1 + 827)381837)1)81, 

F'{7)i7)3;8i)^ 

77i773(-9i77i9i93?7i - 9i7729293?7i - 9i?739|?7i 

+937/1 9^7/1 + 837)281827)1 + 837)381837)1)81, 
7/27/3 (- 927/1 9i 937/1 - 827)282837)1 - 827)3817)1 

+837)181827)1 + 837)2817)1 + 837)382837)1)81. 
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8. Third left-symmetric power of F 

In this section we give results of some calculations concerning F°^ — 
Fo{FoF) 

F°^. = 

771(2^1 ryi52r^l9iry253^252^y3+2<9i?7i(92?7l92ry253^25l??3-69iryia2ryi 937^1917^2^1 ^3 
-29i7/i927/i937/29i7/3937/3-29i77i9377i9i7/2927/2927/3-29i7/i937/i9i7/2927/3937/3 

+2diriid3r]id3r]2dir]3d2r]3-2d2r]idir]2d2r]2d3r]2d2m+d2VidiV2d3V2d2md3V3 

-(927/1 (9277293772(9i 773(937/3 + 2927/1(93771 9i 772^1 77393773-2(92771 93771 (9i 772(92 772<9i 773 
+9377l9i77292 7/292 773937/3-9377i927/2937/29i 7/3927/3-2937/1 937/29i 7/3927/3937/3)91 

(all together 15 terms ) 



F°\ = 

772(291 ?7i92?7i 927729377292 7/3-291 r7i9277i93?7i9i?7292773-29i 771 92 r7i93?7i927729i 773 

-9l 77i9277i 9377292 77393773 - 9i 7/1 937/1 927/292 7/3937/3 - 2927/1 937/i9i 7/292 77292773 
+92/71 937/192 7729177393773 + 927/1 93771 937729i 77392773)91. 

(all together 8 terms) 



%(9l7/i927/i927/2937/2937/3 -29i7/i92 771 93771 9i 77293773-291 771 92 771 9377i937729i 773 
+9i77i9377i92 7/2 93772927/3 - 2 9i 7/1 93 7/ 1937/2927/3 93 7/3 - 927/1 93 77i9i 7/2927/293 7/3 
-92771 93771 9i7729377292773 + 29277i9377i937729i77393773)9i. 

(all together 8 terms) 



77103 _ 

r?i'?2;9i 

?7ir72(39i7/i9i7/2927/2927/i + 39i7/i9i772927/392 937/i + 49i7/i 917/392773937/1 

-9l77i9i77393773929377i - 29i77i9277i9i7729i9277i + 9i77i9277i9i772927/2 
-59i7/i9277i9i7739i9377i + dir]id2r]idir]3d2d3r]2 - 29i77i9277i927729i927/2 

+9i7/i9277i927729i77i - 39i77i9277i927739i93772 + 39i77i9277i9377i9i773 
+9i77i 927/1 937729i927/3 - 49i7/i927/29i 7/3 92937/1 - 29i77i92772927739i 937/1 
-29i7/i92773937739i 937/1 + 9i7/i937/i9i772927/3 + 39i77i9377i9i7739i9277i 

+9i?7i93?7i9i 7739293773 - 39i77i93?7i927729i 92773 + 9i 77193771 927739x92772 
-39i 771 9377i927739i 93773 + 9i 771937719277391771 + 9i 771937719377391 92773 
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+dir]id2,r]2dir]^dlr]i + 2dir]id3r]2d2mdid2r]i - 3dir]2d2r]2d2r]3d2d3r]i 
-3dir]2d2r]3d3md2d3Vi + 3<9i?72<93?72f52^352m - 4:dirisd2ri3d3r]3dir]i 
+2d2riidiri2dir]3d2d3r]i - 2d2r]idir]2d2r]2did2r]i + <92m'9i^2<92^?2<92^?2 
+2^2771 9i772927739293?72 " d2r]idir]2d3r]2dlr]z + 2d2r]idir]3d2r]3d^rj2 
+392771 ^iTya^aTya^i 93771 + ^2771 92772^1 7739193771 - 9277i 92772917739293772 

-92771 92772927739i 93772 + 92771 92772937729i 92773 + 292771 93771 9i7729i 92773 

+292771 93771 9i7739i 93773 - 492771 93771 9i 7739^771 - 9277193771927739^772 

-92771 93?7l^3?739l?73 - 292771 937729i7739i 92771 + 9277i937729i7739293773 

-9277i93?72927739i93?73 - 9277i93?72927739i?7i + 2927729i?739277393?7i 

+2d2rj2dirj3d3rj3d2d3rii + d2r]2d2Vsd3r]3did3r]i - 92?72 93/72 9x773 92 771 
-2d2r]2d3ri2d2r]3did2r]i - 2d3r]idiri2diri3dlr]i + 2d3riidiri2d2ri2dlr]3 
-293?7i9i?7292r/39i 927/1 + 293?7i9ir/2927/3<92937/3 - d3riidir]2d2r]3djri2 

-937719177293773^2^3 - 4937/i9i773927739i 93771 - 9377x9x7739277392937/2 

+293771917739277393773 - 9377x9i773937739x9277x - 93771917739377392937/3 
+39377i927729x7739x 92771 - 29377x927729i7739293773 + d3r]id2md2m9id2r]2 
+d3r]id2m92mdfr]i + <93^i92772937739i92773 + 93771 937739377391 93773 
+937/192773937739^7/1 - 39377291773927739293771 - 937729i 7739377393771 
+93772927739377391 92771 ) 9i . 
(all together 76 terms) 

77103 _ 

r]m{-diriidiri2d2ri2d2d3rii - dir]idir]2d2r]3dlr]i + Adir]idir]2d3r]2dlr]i 

+49i7/i9i772937/392937/i + 39i7/i 917/3937/3937/1 + 39i7/i927/i9i7/29i9377i 

+9i 7/1 927/1 9i 7/292937/2 + 9i7/i927/i9i7/3937/2 + 9i7/i927/i927/29i 937/2 
-39i7/i 927/1 937/1 9^7/2 - 39i7/i 927/1 937/29i 927/2 + 9i7/i927/i937/29i 937/3 
+9l7/i927/i937/29i7/i - 39i7/i927/i937/39i 937/2 + 29i7/i927/2937/29i927/i 

-59i77i9377x9x7729i9277x + 9x77x 93771 9i 772 92 93773 - 29x77x9377x9i7739i 937/1 

+9l77i9377i9x 77393773 + 9i77x9377i927739x 93772 - 39x77x9377x937729x927/3 
-29x77x9377i937739x 93773 + 9i7/i9377x937739i77x - 39i77i937729x773929377x 

-29x77x93772927739x93771 + 29x77x93772937739i9277x - dir]2d2r]292m9ir]i 

+49i7/2927/2937729277x + 2 9i 772 92 7/2 93 773 92 93 77x + 9x772 92 773 93 773 93 771 
-39x77293772927739293771 + 29i77293772937739|77i + 29277i9i7729i7739|77i 
-92771 9i772927729i 93771 - 92771 9i 772927729293772 - 492771 9i772937729i 92771 

-92771 9i772937729293773 + 2d2r]idir]2d3r]2^r]2 - 39277i 91772937739193771 
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+2d2r]idir]2d2.r]-id2d2.ri2 + '2.d2r]idir]^d^r]-idl7]2 + d2r]id2r]2dir]3dlr]2 
-92?7i<92?72<93r/2<9i<92?72 - d2r]id2V2d3'n2dfr]i - ^sr^i (92 772(93 7739193772 
-29277i(9377i(9i772(9i(92772 + 4:d2r]id3r]idiT]2d^r]i - 2d2r]id3r]idir]3did3r]2 
+^2771 93771 92772^1 772 + 92771 93771 93772 9i 773 + 292771 937729i7739i 93771 
-292771 93772917739293772 + 92771 937729177393773 - 92771 937729377391 93773 
-9277i93772937739i77i + 392772937729i773929377i - 927729377292 7739i 93771 

-^2 772937729377391 92771 - 293771 9i7729i773929377i + 39377i9i772927729i 92771 
+293771 9i772927739i 93771 - 93771 9i772927739293772 + 29377i9i7729377292773 

-93771 9i 7729377391 92771 + 9377i9i 7729377392937/3 - 937/1 9ir/3927/3<937/2 

-293?7i9i 7739377391 93771 + 93771917739377393773 - 9377i9277393?739i 93772 

-2937/i937/29i 7739293773 + 9377i937/2927739i 927/2 + 937/i 937/2927/39^771 

+9377i93772937739i927/3 + 3 93 7/2 9i 7/3 92 7/3 9| 7/ 1 - 39377291773937739293771 

+2937/2927739377391 9377i)9i . 
(all together 76 terms) 

T7'o3 

■ 

r]2V3{dir]id2r]idir]2d2d3r]i + 9i 771 92771 9177393 7/1 + 9i 77192771 927729i 93771 

+9i 771 927/1 927/292937/2 + 9i 7/1 927/1 927739|772 - 9i 7/1 927/1 937/1 9i 927/2 
-9i7/i 927/1 937/i9i 937/3 - 29i7/i 927/1 937/1 9i7/i - 9i7/i927/i937/29i 927/1 
-9i 7/1 927/1 937/2937/2 - 9i 7/1 927/1 937/392937/2 + 29i7/i 927/2937/2927/1 
+29i7/i 927/2937/392937/1 + 29i7/i 927/3937/3937/1 - 9i7/i937/i9i7/2927/i 

-9i 7/1 937/1 9i 7/392937/1 + 9i7/i937/i927/292937/3 + dir]id^r]id2r]2,did^r]i 

+9i 7/1 937/1 927/3937/3 - 9i 7/1 93771 9377293773 - 9i 7/1 937/1 9377391 927/1 
-9i77i 93771 9377392937/3 - 29i77i937/29277392937/i - 927/1 9i7/2927/292937/i 
+2927/i9i 7/293772927/1 + 92 7/ i9i 7/2 93 7/3 92 937/1 + 92 7/1 9i 7/3937739! 7/i 
+9277i927729i7739377i + 9277i927729277393772 - 39277i92 7/2937/291 927/1 
-9277i92772937729293773 + 92?/ 1927/2 93 7/2 92 7/2 - 2 92 7/1 92 7/2937/391 937/1 
+9277192772937739293772 + 2927/1 927/3937/391 7/2 - 2927/1 9377i9i 7/291 927/1 
-2927/1 9377i9i7739i 93771 - 927/1 937/1 92 7/29i 927/2 + 29277i9377i927729i T/i 
-927/1 93771 92 7739i 93772 - 927/1937/1 937/291 927/3 - 927/1 937/1 937/391 937/3 
+2927/i9377i937739i77i - 2927/i937/29i773929377i + 927/1 937/2927/391 937/1 
-2927/1937/292 7/392937/2 + 92 7/i 937/292 7/39| 7/3 + 927/i937/2937/39i927/i 
-927/1 937/2937/392937/3 + 927/2927/3937/39^7/1 - 927/2 937/2927/392 937/i 
+927/2937/2937/3927/1 - 937/i9i 7/2927/2927/1 - 2937/i9i 7/2 927/392 937/1 
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^d-ir]idir]2d2.r]zdlr]i - 2d2.r]idi7]^d2r]zdlr]i + d^r]idir]-id^r]^d2d-ir]i 
+dsr]id2r]2diV3d2d3T]i + d3riid2r]2d2m9id3r]i - Sg^^i^s f^2??3 ^253^2 
+2d3r]id2r]2d3r]2dlr]3 - 2d3r]id2r]2d3r]3did2r]i + d3r]id2r]2d3r]3d2d3r]3 
-353771 927739377351 93771 - 9377192773937739293772 + 9377192773937739^773 
+93771 93772927739i 92771 - 29377193772927739293773 + 9377193772927739^772 
+93771937729377393773 - 9377292773937739293771)91. 

(all together 71 terms) 

9. Quadratic differential part of 

For G G Diffn denote by G,i^_^...ri^^-Qa projection to subspace of 

Diffn generated by differential operators of the form fji^ - ■ ■ rji^ Ils./^^o 9^Ms9". 
For example, if 

G = -5r]id2r]2d3r]2didir]3di + r]ir]3d2Vidimdidl7]3dl 

-r]imdir]id2r]id2r]3did2d3r]3d2 + 9r]mdir]id2Vid2Vsdid2d3ri3d2 
-777i7739i77i937729i7739i929|?739|, 

then 

^mm-.&i = Vimd2Vidimdid2r]3d3 - 7r]ir]3dir]id3r]2dir]3dld2dlr]3dl. 
Lemma 9.1. • + F o {F • F°^) = 0. 
Proof. Let 

Q = • + F o (F • F°^). 
It is enough to prove that df -part of Q is equal to 0. Then by sym- 
metry 9| -, 9| -parts of Q should be 0, and 8182-, 8183-, 9293 -parts 
of G also will vanish. 

Let us show how to calculate rjirj2rj3df -part of Q. 

Notice that riiri2ri3dl -part of F°^ • F°^ , denote it by Gi , is equal 

to 

Gi^ 

F°^a m F°^ c> + F°^c> m F°^ + F°^c> m F°^ + 

Using results of sections 7, 8 we obtain that 

• F°^ c> + F°^c> m F°^ + F°^c> • F°^ ^ 

= ?7i?72?73(-59i 771 92771 9i 7729277292773937739^771 -M49i 771 92 771 9i 772927729377292 7739293771 

-9i77i 92771 9i7729277293772937739|77i - 89i77i9277i 917729377292773937739293771 
-F99i 771 92 771 92 772 937729i 77392 77391 771 -F49i 771 9277i92 772 93772 917739377392 93771 
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+3dir]id2r]id2r]2d3r]2d2r]3d3r]3did3r]i - 8dir]id2r]id3r]idir]2dir]3d2r]3divi 
+8diT]id2r]id3r]idiV2dir]3d3r]3d2d3r]i + 8dir]id2riid3riidiri2d2ri2diri3d2d3rii 

-6dir]id2r]id3r]idir]2d2r]2d2r]3d2d3r]2 - dir]id2r]id3r]idir]2d2r]2d2r]3dir)3 
+10dir)id2r]id3r)idir]2d2r]2d3r]2d2r]3 - '^dir)id2r]id3r]idir)2d2r]2d3r]3did2r]i 

+49i77i9277i 93771 9i 77292772937739293773 - 9i 771 92771 9377i9i77292772937739|772 

-49i77i9277i9377i9i77292773937739i 93771 - 89i77i9277i9377i 9177292773937739293772 

+29i 771 93771 9377191772927739377393773 - 89i77i9277i 93771 9i 772937729177393771 
+29i77i9377i9377i9i77293773937739i 93771 - 89i77i9277i 937719177393772927739393773 

+Idir]id2r]id3r]idir]2d3r]2d2r]3dlr]2 + 5dir]id2r]id3r]idir]2d3r]2d3r]3dir]3 
~l0dirjid2riid3rjidiri3d2ri3d3ri3dlri2 + 5dir]id2md3Vid2V2dimd2Vsd3r]2 
-29i77i9277i9377i927729i77393^739i 93771 + 4:dir]id2r]id3r]id2r]29im93m92d3r]2 
-dir]id2r]id3r]id2r]2dir]3d3V3dir]3 + 5dir]id2r]id3r]id2r]2d2md3r]3did3r]2 

+49i77i9277l93?7i92772937729l7739l 93771 + 89i?7i9277l9377i92772937729i77392937?3 

-2dir]id2r]id3r]id2r]2d3m9ir]3d'ir]2 - 7dir]id2r]id3r]id2r]2d3md2V3did2r]2 
-29i77i9277i93r/i9277293772927739i 937/3 - 5dir]id2r]id3r]id2r]293m93V3did2r]3 
+29i 771 9277i9377i937729i773927739i 93771 - 89i77i9277i 937719377291773927739393772 

+79i 771 937/1 9377i937739i 7/3937739^773 - 6917/1937/1937719377391773937739393773 

-9i77i9377i9377i937739i7739377392773 + 29i77i9377i9377i9377393773937739i93773 
+79i77i 93771 9377193772927739377391 93773 + 139i77i9277i937729i77392773937739|77i 
+49i77i9377i9i772927729277393773929377i - 139i77i9377i9i7729277293772927739277i 

+99i 771 93771 9i 77293772927739377392771 + 9i 771 937719277291773927739377393771 
-89i 771 93771 927/2 937/291 773927739293771 - 59i 771 93771 927729377291773937739I771 
-39i 771 93771 93 77393773 937739377391 93771 -149i 771 93771 9377391 77393773937/393937/1 
+937/1917/3937/3937/3937/3937/393937/1 + 937/1 937/3937/391 7/3937/3937/39^771 
- 292 ?7i 93 771 9i 772 9i 773 92 77393 773 93 771 - 493771 93 ?7i 9i ?72 92 772 9i 773 92 77393 771 
+6937/1 937/1 9i 7/3937/3917/3937/393937/1 - 8937/i9377i9i 7/393773937/3937/391 937/1 

+937/1937/1 917/3937/3937/3937/393937/3 + 937/1937/1917/3937/3937/3937/3937/3 
-293771 93771 917/393773937739177393771 + 1393771 93771917739377393773937/391 937/1 
-29377193771917739377393773937739393773 - 293771937719177393773937739377393773 
+29377193771917739377391773937739393771 - 49377193771 9177393773917739377392771 
-593 771 93771 9177393773937739377391 93771 + 9377193771917739377393773937739393773 
+937/1937719177393773937739377393773 + 593771937719377393773917739377391 93771 
-9377193771937739377391/73937739393/73 - 9377193771937739377391773937739^773 
+893771 93771 937739377391 7739377391 93771 - 9377193771937739377391773937739393773 
-93771 93771937739377391773937739I773 + 139377193771 9377391773937739377391 93771 
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-2d2r]id^r]id^r]2dir]2,d2r]2,d^r]2.d2d2.r]2 - '2,d2r]id2,r]id2.r]2di7]^d2r]^d2.r]2.dlr]z 
-dz7]idir]2d2r]2dzr]2d2r]zd2.r]2.dlr]i - 93r;i92r;2(?3'72C?i?73C^2%c^3'73C^2C^3'7i)c^i- 
Similarly, 

po2 ^ poZ j^po2 po3 _^po2 po3 ^ 

ViV2V3{-'^dir]id2r]idir]2d2r]2d3r]2d2r]3d2d3r]i+dir]id2r]idir]2d2r]2d3r]2d3r]sdlr]i 

+3dir]id2r]idir]2d3r]2d2r]3d3r]3d2d3r]i - 4(9ir7i(92r7i(92?72<93?72<9i?7392?73(9|?7i 
+dir}id2r]id2'n2d3r]2dirj3d3rj3d2d3rji - 3dir]id2r]id2V2d3V2d2r]393'n39id3rji 
+Sdir]id2r]id3r]idir]2dir]3d2r]3dir]i - ^dir]id2r]id3r]idir]2dir]3d3r]3d2d3r]i 

-89i 771 ^2 771 93?7i 9i 77252?729l ?7392 93?7l +49i 771 ^2771 93771 9i 772 9277292?739l93?7l 

+9i 771^2771 93771 91772^2 772 9377391^2 771 + 69i 771 92771^3771 917729277393773^1 93771 

+89i77i 92771 93771 9i772937729i7739277i - 59i77i9277i 93771 9i77293772927739i 92771 
+9i 771 92771 93771 927729i 7739377391 93771 - 69i 771 92771 93771 92772937729i7739i 92771 

+39i?7i9277i93?7i9277293?7292?739i?7i - 59i 771 92771 93?7i93?729i 7739277391 93771 

+49i7/i927/i9377i937729i 7/39377391 927/1 - 39i7/i9277i 93771 937/292773937739i7/i 
-39i 7/1 927/1 937/29i 7/3927/3937/39^7/1 + 9i7/i937/i9i 7/2927/2927/3937/392937/1 
+39i7/i937/i9i 7/2927/2937/2927/3927/1 - 4 9i 7/ 1 93 7/ i9i 7/2 93 7/2 92 7/3937/3937/1 

-9i 771 93771 927729177392773937739^771 + 39i 77193771 92772937729i 773927739293771 
+39i 771 937719277293772927739377391 92771 + 49i 771 93771 937729177392773937739293771 

-9277i9i7/2927/2937/2927739377392937/i - 927/i927/2937/29i77392773937/39|7/i 
+2927/i937/i9i 772917/3927/393773937/1 + 4927/i937/i9i7/2927/29i 7/3927/393771 
-6927/i9377i9i7/2927/29i 773937739293771 + 49277i9377i9i7/2927/2927/3937/39i937/i 
+2927/1 93?7i9i77292772937729i 77393771 - 5927/1 93771 9i7729277293772927739i 927/1 

-292771 93771 9i 7729377291773927739293771 + 492771 93771 9i 77293772917739377393771 
+9277i9377i9i7729377292773937739i 92771 - 9277i9377i92772937729i773927739i 93771 
-492771 93771 92772937729i 7739377391 92771 - 592771 93771 937729i 773927739377391 93771 
+937/1917739377393773937739377393771 + 9377193773937739177393773937739393771)91. 

Thus, 

Gi = 

'7l^2^73(-59i77i9277i9i 77292772927739377393771 + 1091 771 92771 9i 77292 77293772927739293 7/1 
-59i 771 927/1 917/2937/292773937739393771 + 59i77i9277i92772 937/29i7/3927739|7/i 

+59i7/i927/i927/2937/29i 7/3937/393937/1 + 49i7/i 92 7/i937/i9i 7/292 7/2927/39i937/i 
-69i 771 927/1 9377i9i 7/2927729277392937/2 - 9i77i 927/1 9377i9i 7/2927729277391 7/3 
+ 109i 771 92771 93?7i9i77292772937729|773 - 9i 771 92771 9377i9i77292772937739i 92771 

+49i 771 92771 93771 9i 77292772937739293773 - 9i 771 92771 93771 91772927729377393772 
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+2dii]id2'nid3'nidiV2d2V3d3'n3did3i]i - 8dii]id2'nid3'nidi'n2d2'n3d3'n3d2d3i]2 
+2dir]id2r]id3r]idir]2d2r]3d3r]sdlr]s - Sdir]id2r]id3r]idir]2d3r]2d2r]3did2r]i 
-Sdir]id2r]id3r]idir]2d3r]2d2r]392d3r]3 + 7di'qid2r]id3r]idir)2d3ri2d2r]3d2V2 
+5dir]id2riid3VidiV2d3V2d3V3dirj3 - ^^diT]id2r]id3r]idir]3d2r]3d3r]3dlr]2 
+5dir]id2r]id3r]id2r]2dir]3d2r]3d3r]2 - dir]id2r]id3r]id2r]2diV3d3V3did3r]i 
+4:dir]id2r]id3r]id2r]2dir]3d3r]3d2d3r]2 - dir]id2r]id3r]id2r]2dir]3d3r]3dlr]3 

+5dir]id2r]i93r]i92r]2d2r]3d3r]3didsr]2 - 2dir]id2r]idsr]id2r]293'n2dir]3did2r]i 
+Sdir]id2r]id3r]id2r]293V2dir]3d2d3r]3 - 2dir]id2r]id3r]id2'r]2d3r]2dir]3d^r]2 

-7dir)id2r)id3r]id2r)2d3r)2d2r]3did2rj2 - 2dir]id2r]id3r]id2r]2d3r)2d2r]3did3r)3 
+39i77i9277i 93771 9277293772927739i?7i - 5dir]id2r]id3r]id2'r]2d3r]2d3r]3did2r]3 

-Sdir]id2r]id3r]id3r)2dir)3d2r)3did3r]i - 89i77i 9277193771 93772^1 773927739293772 
+79i 771 92 771 93771 937729i 77392 77391 773 + 49i 771 92771 93771 93772 9i 7739377391 92771 
-69i 771 92771 93771 9377291773937739293773 - 9i 771 92771 93771 93772917739377392772 

+29i 771 9277i9377i 93772927739377391 92772 + 79i 771 9277i9377i9377292773937739i 93773 

-39i77i9277i9377i9377292773937739i77i + 109i77i9277i937729i77392773937739377i 

+59i77i9377i9i 7729277292773937739293771 - 109i77i9377i9i 77292772937729277393771 

+59i77i9377i9i7729377292773937739277i - 59i77i9377i92772937729i77392773929377i 

-59i77i93?7i9277293?729i?73937739277i - 109i77i 93771 937729177392773937739293771 
-49277i9377i9i 77292772927739377391 93771 + 92771 93771 9i 7729277292773937739293772 

+9277i93?7i9i?72927729277393?739|?73 + 89277i93?7i9i?729277293?72927739i92?7l 

-2d2riid3'nidiV2d2ri2d3V2d2'n3d2d3'n3 - 2d2riid3riidir]2d2V2d3'n2d2ri3dir]2 

-4927/1 93r/i9i 7/2937/2927/3937/391 927/1 927/i937/i9i 7/2937/292 7/3937/393937/3 

+92 771 93 ?7i 9i 77293 772 92 773 93 773 92 772 + 492 ?7i 93 ?7i 92 ?7293 ?72 9i ?73 92 ?739i 93771 
- 92 771 93 771 92 ?72 93 ?72 9i 773 92 773 92 93 772 - 92 771 93 771 92 772 93 772 9i 773 92 773 9, 773 

+4927/1 93771 927/2937729i 7739377391 92771 - 9277i9377i92772937729i 7/39377392937/3 

-927/1 93771 92772937729x7739377392 772 + 8927/i937/i937/29i77392773937739i 93771 
-292 77i9377i937729i?7392 7739377392937/2-292 7/i937/i937729i77392773937739|773)9i, 

Now calculate 7/17/27/39^ -part of F o (F • Set G = F» F°^. It 

is easy to see that 

^mm;dl = Fr,r,di • ^,7°2%i + ^772 ;ai • ^T?^;^!' 
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By results of section 8, 

52 



where, 



4:dir]idir]2d2r]id2r]2d2r]3d3r]i - 2c?i7?iC?i7?2C?2??iC?2??3t?3^i53773 
-dir)idir)3d2r]id2r)2d3r]id3r)3 + Sdir)idir)3d2r]id2r)3d3r)id3r]2 

+diri2d2r]id2r]2d2r]3d3r]id3ris + dir]3d2r]id2r]2d2r]3d3r]id3ri2 
+2dir}3d2r]id2r]3d3r}id3r]2d3r}3, 

-dirjidir)2d2r]id2rj2d3r]id3r)3 + Sdir)idir)2d2rjid2r]3d3r]id3r)2 
-2diriidiri3d2riid2ri2d3riid3ri2 + ^dir]idir]3d2r]id3r]id3r]2d3r]3 
-2dir]2d2r)id2r]2d2r]3d3r]id3r]2 - dir]2d2r]id2r]3d3r]id3ri2d3r]3 
-diri3d2riid2ri2d3rjid3ri2d3r]3, 

-Sdiriid2rjid2ri2d2ri3d3rjid3r]2 - ^dirjid2'nid2rj3d3riid3r]2d3rj3. 

Thus, 7717727739^ -part of F o G by Lemma 5.8 is equal to 7717727739^- 
part of 

So, 771772773^1 -part of F o G is equal to 

Calculations show that this expression is equal to —Gi. So, we obtain 
that rjirj2V3dl -part of F°^ • F°^ + F o {F • F°^) is equal 0. 

Similar calculations show that sums of rjiTjjdl -parts of F°'^»F°^ and 
F o (F • F°^) are also vanish, if i 7^ j. So, we have established that 

i?°2 ,F°^ + Fo{Fm F°^) = 0. 
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10. QUBIC DIFFERENTIAL PART OF D^^ 

In this section we use denotions and results of calculations of section 

9. 

Lemma 10.1. • F*^ = 

Proof. Recall that G = F • F°^. By associativity and super- 
commutativity of bullet-multiplication (proposition ??) we have 

•{F»F) = F»{F»F°^). 

So, r)ir]2r]sdl -part of F°^ • F'^ is equal to 

= rji'n2V3{dir]idi • H^^m^f - 8211181 • H^t^^.^81 + 8ir]i8i • i^^^^j^i). 
By results of section 9 it is easy to obtain that 

8irjiH^^r,3 = 0, 
82ViHnir]3 = 0, 
8-iriiHr,rn2 = 0. 

So, riiri2ris8f -part of F°^ • F*^ is 0. Since number of bullets is two, 
ViVj8i -parts and rji&f -parts of F°^ • F*^ are also 0. So, 8f -part of 
F°^ • F*^ vanishes. By symmetry 8°' -part of F°^ • F*^ vanishes also 
for any a eF^, such that \a\ — 3. Lemma is proved. 

Lemma 10.2. F • F°'^ • F°2 = 0. 

Proof. Let F°^m F°^. We use calculations on F°^ ( section 7) 
to obtain 

= r]ir)2{88ir)i82r]i83r]i8ir]282r)282r]3 - 4:8ir)i82r)i83r)i8ir]282r]383r)3 

+2dir]id2r]i8::ir]id2r]28ifj383rj3 + 68irji82r]id?j]idsr]28ir]382r)3 
-282rji83rji8ir]282'n282r]383i]3 + 282'ni83r]i82i]283rj28ir)382r)3+ 
4:82r]i83r]i83r]28ir]382r}383r]3)8l, 



■nir]3{-28ir]i82r]i83r]i8ir]282r]283r]3 - 68ir]i82r]i83r]i8ir]283r]282r]3 
-4:8ir]i82r]i83r]i82r]283r]28ir]3 + 88ir]i82r]i83r]i83r]28ir]383r]3 
-4:82r]i83r]i8ir]282r]283r]282r]3 + 282r]i83r]i8ir]283r]282r]383r]3 

- 2 ^2 ?7 1 ^3 ?7 1 ^2 7/2 C?3 <9i 7?3 <93 ^3 ) C^l , 
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= r]2V3{-Qdir]id2r]id3r]id2r]2d3r]2d2r]3 + Qdiriid2riid2.r]id^ri2d2rizd2.r]i)dl. 
We have 

TjidiTjidi • i?^2^3;a2 = 0, 
77292771 9i • i?^i^3;a2 = 0, 

Therefore r]ir]2r]sdf -part of F • • is equal to 

rjidirjidi • i?^2r?3;9? + ^2^2771 9i • -R^i^3;a2 + mdsVidi • ^r^ir^aia? 

= 0. 

By symmetry, 771772773^^ -part of FmF°'^mF°'^ are also for any a e 
such that |a| = 3. As we mentioned above 77— and 77^77^ -parts of 
elements obtained by two bullets are equal to 0. Lemma is proved. 
By Lemma 5.9 

r3(F^) = 5(2F°^ • + 3F • F"^ • F°'^). 

Therefore, we come to the following 
Conclusion. t^{D^^) = 0. 
Proof of Theorem 0.1 

By Theorem 0.1 of [2] if 77^^ • • -771^9" -part of is nonzero, then 

\a\ < 3. 

So, 

11. A/" -COMMUTATORS AND SUPER- DERIVATIONS 

In this section we explain how escort invariants appear in calculating 
powers of odd derivations. 

Suppose now / = {1,... ,n} and D — J2^=iUidi e Der C odd 
super-derivation. For a e set 

a! 

Denote by Supp{sk) a set of A:-typles {(q;*^^\ ii), • • ■ , ifc)} with 
q;(^\ . . . , a'-^^ e Z^, ii, . . . ,ik e I, such that X]p=i a^^'' -Cjp has a form 
-/3 for some ^ (3 e Z^. 

Theorem 11.1. 

k\D'' = 

where summation is given by {{a, ii), {(3, ^2), . . . , (7, ik)} £ Supp{sk). 
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If we use order on basic elements x'^di we can omit tlic coefficient 
A;! : 

(a(i),n)<-<(aW,jfc) 

Proof. Recall that U = C[xi, . . . ,Xn\ and di are partial deriva- 
tions of U. Let Gvk be a Grassman algebra with exterior generators 
fji, . . . ,rjk, i-e., it is associative super-commutative algebra of dimen- 
sion 2*^. For U — C[xi,. . . ,Xn\ take its Grassman envelope 

U^U ® Gvk. 

Prolong derivation di e Der [/ to a derivation of U by 

di{v (g) cj) = di{v) (g) uj. 

We obtain commuting system of even derivations V = {di, . . . ,dn} 
of U. For any /i, ...,/„ G W and a e Z" elements d°'Uj are odd. 
So, we obtain P -differential super-algebra U and we can consider its 
algebra of super-derivations C —< fdi : f & U > and its algebra of 
super-differential operators 

Viff =<fd" -.aezu eu> . 

We can endow Viff by composition operation, by left-symmetric mul- 
tiplication and by bullet multiplication. In particular, we can consider 
£ as a left-symmetric algebra and as a super-Lie algebra. Thus, 

is isomorphic to a current algebra with coefficients not in Laurent poly- 
nomials as usual, but in exterior algebra. 

We see that for any /i , . . . , we can consider a homomorphism 

Cji > L{, Ui I > fi,i — \, . . . ,71. 

and this homomorphism can be extended to a homomorphism of left- 
symmetric or Lie algebras 

Der C, 

and to a homomorphism of associative (left-symmetric) algebras 

Dijj ^ Vijj 

We can use this homomorphism in calculating for F = Yl^=i fidi G 
C. In other words, in the formula for D'^ we can make substitutions 
Ui ^ fi and calculate obtained expressions in U. 

Use this method for calculating coefficients X{{a,h),{l3,i2),---,(7,iky,i^}^ 
where 

D'' = E^{(«,n),(Ai2),...,(7,ifc);/^}^"K)^^K2) • • • d'^Md". 
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Since numbers of Ui -indexes and di -indexes are equal, summation here 
is done by a, /3, . . . , 7, e Z" and ii, . . . ,ik £ {1, ■ ■ ■ j^} such that 
a + /9 + -- - + 7 + /i = Y^g^i . In other words, summation here is done 
by {{a,ii),{f3,i2),... ,h,ik)} ^ Supp\f,\{sk). 
Take 

F = Xi^r]i + --- + Xk^rike£, 
where e Wn, i — 1, . . . ,k are even elements. It is evident that 

F'= = Sfe(Xi,... ® (r^i ■■■%). 

On the other hand, if Xi = x"''^^ di^, X2 = x^^'^^di^, . . . ,Xk = x^^^^ di^, 
then F can be presented in the form 

1=1 

where 

s:is=i 

summation by s such that is = i- So, substitutions 

s:is=i 

in and making calculations in U gives us on the one side 
where 

Y e< x'^d^ ® Gvk : \a\ > 0, a, /5 G >, 

and one the other side 

Skix^'^^^di,,. . . 771 ■ ■ ■ 77^. 

Take projections Viff — 1 > . . .rjk from the both parts. We 
have 

Thus, 

that we need to prove. □ 

Recall that k -commutator Sk is called well defined on Wn if 

VXi, . . . ,X, G W„ ^ . . . e M/„ 

Denote by si a map A^1V„ — > given by 

Sfe(Xi, ... ,Xk)= Yl signaX^^i) o (X(,(2) o (• • • (X^^k-i) o ^a(fc)))), 
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where Wn is considered as a left-symmetric algebra under multiplica- 
tion fdi o gdj = fdi{g)dj. 

Corollary 11.2. The following conditions are equivalent: 

• e DerC 

• Sk is well defined operation on Wn- 

• Sk = si. 

Theorem 11.1 has two- fold applications. We use it in construct- 
ing D'^ by Sk and vice versa one can use in calculating k- 
commutators. 

Example 1. Let k = 1. Then Si{x°'di) = x'^di, therefore supp[si) —< 
di : i = 1, . . . ,n > and Supp{si) = {(0, 1), . . . , (0, n)}. Hence 

n n 
i=l 1=1 

that we know well. 

Example 2. Let us calculate Y — sii(Xi,... ,Xii) for Xi ~ 
di,l<i<3, X4 ^ xidi - xsda, X5 ^ X2di, X^^xadi, Xr ^ Xid2, 
Xs = X2d2 - xsds, Xg = xids, Xio = X2d3, Xii = xjdi. Let Gru 
be Grassman algebra generated by 11 odd elements rji, . . . ,r]u. Take 
U — C[xi,X2,X3] ® Gru. Recall that Xi and di are even variables. 
Consider a homomorphism of super-differential polynomials algebra £3 
to U given by 

ui^r]i + xir]4 + X2775 + xsr]6 + xlr]u, 
U2 ^ r)2 + xir]7 + X2r)8, 

In other words make in the formulas for ri(D^^) and r2{D^^) corre- 
sponding substitutions. Make all calculations in £3 using the formula 
di{v®r]) = di{v)^ri, v G C[xi,X2, X3],ri G Gru. One obtains that the 
linear part of Y is equal to and the quadratic part of Y is equal to 
80(9?. So, Y = 80df. 

The following results about -commutators on Vect{2) and Vecto(2) 
was established in [1]. 6 -commutator on W2 is well defined and it has 
one escort invariant 

escort23i : Lo ® I/i ^ -R(7ri) = L_i, 
escort23i{a, X) = d{a o Div X) + Diva dDiv X — 3dDiv{a o X). 
Sq — is identity on 5*1 and 5 -commutator is well defined on Si and 
it has one escort invariant 

escort22i : -R(27ri) ® i?(37ri) R{7ri) = L_i, 
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escort22i{a, X) = —3dDiv(aoX). 

Below we do similar things for Vect{3) and Vecto{3) . Since cal- 
culations are too tedious and similar to calculations given above we 
formulate final results and give some examples. 

12. 13 -COMMUTATOR ON Vect{3) 
Theorem 12.1. If n — 3, then 13 -commutator on Ws 

X,,... ,x,s eWs^ sn{x,, . . . ,x,s) e Ws. 

It has one escort invariant 

escort382 — escort{si3) : Lq (8) A^Li — > A^R{ni) = L_i 
defined by 

escort382{a,X,Y) = 

-d{a o Div X) A d{Div Y) + d{a o Div Y) A d{Div X) 
-2{Div a)d{Div X) A d{Div Y) 
+4 d{Div X oa) A d{Div y ) + 4 d{Div X) A d{Div Y o a) 

+8{da A dX) o DivY - 8{da A dY) o Div X. 

Corollary 12.2. escort3S2 induces a homomorphism Lq®Li®R{2t:i) - 
A^i^lTTi) by 

{adi, vdj, w) ^ da A ddiiy) A ddj{w). 

Corollary 12.3. S13 = is identity on Vecto{3). Moreover S12 = 
is identity on Vecio{3). 

Let 

Gij{a) = di{a)dj - dj{a)di, 
u = u{xidi + X2d2 + xads). 
Take place isomorphisms of s/„ -modules 

Li — Li + Li, 

where 

Zi =< X : Div{X) = >^ R{2ni + 7r„_i) ^ R{2ni + 7r„_i), 

Li ^ Rim). 

Then Li is generated by elements of the form Gjj(a;"), where i < j 
a e Z" , \a\ — 3 and Li is has a basis {xi : i — 1, . . . ,n\\. 
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Let US give construction of escort invariant in terms of Lj and Lj. 
We see that escort{s 13) {a, X,Y) = 0, if X,Y e Li or X,Y e Li or 
a — 1 — xidi + X2d2 + xsd^. Below we use the following notation 

a(M,k) ^ dididlia). 
Non-zero components of escort{si3){a, X,Y) can be given by: 
escort{si3){Gi2{a),Gi2{b),xi) = 



+ (32a(^'°'i)6(i'2'0) - 16a(^'°'°)6(°'2'i) + 16a(°'2'0)6(2Ai) _ 320(0-1.1)6(2-1,0))^^ 
+ (-32a(^'^'°)6(i'2,o) ^ ^Q^(2,ofi)j^io,3,o) ^ iQa(^,mt,i2,m^Q^^ 

escort{si3){Gi2{a),Gi2{b),X2) = 

(32a(^'°'i)6(i'2'0) - 16a(2'0'0)6(0'2.i) + I6a(°'2'0)6(2'0'i) - 32a'^'''''^b^'''''''>)di 

+ (32a(2'°'0)6(i'i'i) - 32a(i'i'°)6(2'0'i) - 32a(i'°'i)6(2'i'0) + 32a(0'i'i)6(3'°'°))a, 
+ (_16a(2AO)5(i,2,o) ^ 32^(1,1,0)^(2,1,0) _ ;L6a(o.2,o)5(3,o,o))5^ 

escort{si3){Gi2{a),Gi2{b),X3) 

(-32a(^'i'°)6(i'2'°) + 16a(2'°'°)6(°'=^'°) + 16a^'''^^%^^''^^^)d, 
+(_16a(2'0.o)&(i.2.o) +32a(^'^'°)&(2'^'°) - 16a(°'^'°)6(^'°'°))92 

escort{si3){Gi2{a),G23{b),Xi) = 

(_16a(lAl)fe(0,2,l) _ ig^(0,2,0)^(l,0,2) + ;^g^(l,l,0)^(0,l,2) ^ 16a(0,l,l)ft(l,l,l))5^ 

+(+16a('^'2.o)6(i'i.i) - I6a('^'^'^)6(^'2'°) - 16a(^'^'°)6('^'2'^) + 16a(^'°'^)6(°'^^^^ 
escort{si3){Gi2{a),G23{b),X2) = 

(_16a(lAl)ft(0,2,l) _ ig^(0,2,0)^(l,0,2) + ig^(l,l,0)^(0,l,2) ^ ;^g^(0,l,l)^(l,l,l))5^ 

+(32a(^'^'°)6(^'°'^) + 32a(^'°'^)&(^'^'^) - 32a(^'°'°)6(°'^'^) - 32a(°'^'^)6(2'°'^))92 
+(_48a(i.i'0)6(i'i.i) - 16a(^'°'^)6(i'2'°) +32a(2'°'°)6(°'2'^) 
+16a(o.2,o)^(2,o,i) + i6a('^'i'i)6(2'i'0))93 



36 



A.S. DZHUMADIL'DAEV 



escort{si3){Gi2{a),G23{b),Xs) = 

+ 16a(«'2.0)fe(2.0,l) + ig^(0,l,l)^(2,l,0))5^ 

+ (-32a(2'0'0)6(0'3'0) + 64a(i'i'°)6(^'2'°) - 32a(°'2'°)6(2,i,o)^^^_ 

If {i,j,s,k} C {1,2,3}, then any two pairs {i,j),{s,k) has at least 
one common element. Therefore by symmetry one can easily write 
other formulas for escort{si3){Gij{a),Gskib),Xr)- 

Let us show how to use theorem 12.1 in calculation of 13 -commutator 
on \/ect(3). 

Example 1. Take 

Xi = di,X2 = d2, X3 = (93, X4 = xidi,X5 = X2di,X(i = x^di-Xr = Xid2, 

Xg = X2d2i Xg = X3d2, Xio = Xids, Xii = X2d^^ X12 = XiX2d3, Xi3 = x^ds- 

We see that the number of elements of grade —1 is 3 and the number 
elements of grade is 8 . In -part here appear all base elements of gls 
except a — x^ds. Elements of the grade 1 are two: X — X12 and Y — 
X13. So, to calculate 13 -commutator of 13 elements Xi, . . . ,Xi3, we 
denote it sis{Xi, . . . jXi^), we need to calculate escort{si3){a, X,Y). 
We have 

DivX — d3{xiX2) = 0, 

therefore, 

-d{aoDiv X)Ad{Div Y)+d{aoDiv Y)Ad{Div X)-2{Div a)d{Div X)Ad{Div Y) = 0. 
Further, 

Diva = 93(2:3) = 1, DivX o a = Div{xiX2d3{x3)d3) = 0, 

and 

+4 d{Div X oa)A d{Div Y) + A d{Div X) A d{Div r o a) = 0. 

Finally, Div Y — 2x3 and 

3 

8{ ^ ai(I)ii;F)rf(a(xj))Arf((9j(X(xi)))-(9i(Dii;X)rf(a(xj))Arf((9j(r(xi)))} = 

3 

8 di{2x3)d{a{xj)) A d{dj{xiX2d3{xi))) = 
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3 

16^ d{a{xj)) A d{dj {X1X2)) = 0. 

Therefore, 

escort{si3){x3d3,XiX2d3,xld3) = 0. 
Example 2. Now change in example 1 X12 to 

X12 = XiXads, 

other elements are as before. Two vector fields, nameley X — X12 and 
Y — Xi3 have non-constant divergences: 

Div X — xi, Div Y — 2xs. 

So, we can expect that . . . ,-^^13) might be non-trivial vector 

field. We have 

-d{a o Div X) A d{Div Y) + d{a o Div Y) A d{Div X) = 

2dxs A dxi, 

-2{Div a)d{Div X) A d{Div Y) = -Mx^ A dx^, 

4 d{Div Xoa) A d{Div F ) + 4 d{Div X) A d{Div Y o a) ^ 
8 dxi A dx^ + '&dxi A dxa, 

3 

8{ ^ ai(Z^wr)rf(a(xj))Arf((9j(X(xi)))-ai(DivX)rf(a(xj))Ad((9j(r(a;i)))} = 

8{2dx3Ad(93(xiX3)) = 

—16 dxi A dxa. 

Thus, 

escort(si3)(a, X, F) = —Qdxi A (ixs. 
Since the isomorphism A^i?(7ri) = R{'n'2) is established by 

dxi A (ix2 ^ c?3, dxi A (ix3 1-^ — (?2, (ia;2 A (ix3 1-^ di 
this means that 

SisiXi, ... , X13) = esc(si3)(Xi, . . . , X13) = 692- 
Example 3. Let now 

X12 = XiXsda, Xis = X2X393. 
other elements as above. Then 

-d{a o Div X) A d{Div Y) + d{a o Div Y) A d{Div X) = 0, 
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-2{Div a)d{Div X) A d{Div Y) = -2dxi A dx2, 

4 d{Div X oa)A d{Div Y) + A d{Div X) A d{Div Y o a) ^ 
4 dxi A dx2 + 4 dxi A dx2 — 8 dxi A dx2, 

3 

^ ai(Dii;r)(i(a(Xj))Ad(aj(X(a;i)))-ai(Di^;X)d(a(Xj))Ad(aj(r(xi))) = 0. 
Thus, 

escori(si3)(a, X, Y) — 6dxi A dx2, 

and 

Si3(Xi, . . . ,Xi3) = escort(si3)(Xi, . . . ,Xi3) = 683. 
Example 4. Let now all Yi = Xi as before if i < 12 and 
Y12 = X1X393, Yi3 = X2xld3. 

Then 

513(^1, . . . , 1^13) = E^29^{Yis)esc{si3){Xi, ... , Xu, xix^d^, xld^)^ 

Ex2xzd3{yii)esc{si3){Xi, . . . , Xii.xix^d^, X2X393) = 
(by results of example 2 and 3 ) 

6x2^2 + 12x393. 

13. 10 -COMMUTATOR ON V"ect(3) AND \/ecto(3) 
Recall some denotions: 

Uk = {x''\\a\ = k), 

o 

the multipUcation o is left-symmetric and A means wedge-product 
corresponding to left-symmetric multiplication: 

Li X C/2 — A C/i, {udi, v) ^ dudi A dv :— du A ddi{v). 

Below expressions like Div a o X will mean Div (a o X). 

Theorem 13.1. 10 -commutator is well defined on L — Vect{3) : 

Xi, . . . , Xio e L =^ sio{Xi, . . . , Xio) e L. 

It has three escort invariants 

escort27i : -R(7ri) A^Lq ® L2 ^ A^R{7ii) = L_i, 

escort36oi : A^Lq L2 ^ AR{-ki) = L_i, 
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and 

escort352 ■■ A'^Lo A^Li A^i?(7ri) = L_i. 
They can be given by 

escort27i{u,a,b, X) = 

duA{lld{Div {[a, b]oX))+21d{aoDiv{boX)-boDiv{aoX))-Ud{[a, b]oDiv X)) 

-32{d{a ou)A d{Div{b o X)) - d{b ou)A d{Div{a o X))) 
-50{d{a ou) A d{b o Div X) - d{b o u) A d{a o Div X)) 
+Div a duAd{2boDiv X+9Div{boX))-D7vb duAd{2aoDiv X+9Div{aoX)) 

+8{Div adbA d{u Div X) - Div b da A d{u Div X)) 

+12{da A d{{b oX)ou)-dbA d{{a o X) o u)) 

-28d[a, b] A d{X o u) 

+ 16{da A d{X o {b o u)) - db A d{X o (a o «))), 

escori36oi(a,fc, c,X) = 

-6(da A d{bo{Div {coX)))+db A d{co{Div {aoX)))+dc A d{ao{Div (boX)))) 

+6{da A d{co{Div {boX)))+db A d{ao{Div {coX)))+dc A d{bo{Div (aoX)))) 

-5{da A d{Div {[b, c\oX))+db A d{Div ([c, a]oX))+dc A d{Div ([a, b]oX))) 

-d[a,b] A d{Div {coX))-d[b,c] A d{Div {aoX))-d[c,a\ A d{Div (boX)) 

-12{d[a,b] A d{co Div X) + d[b,c] A d{ao Div X)d[c,a] A d{boDivX)) 

+27d(a o[b,c]+bo [c, a] + co [a, b]) A d(Div X) 

+18Div a {db A d{c o Div X) - dc A d{b o Div X)) 

+18Div b {do A d{a o Div X) - db A d{a o Div X)) 

+18Div c {da A d{b o Div X) - db A d{a o Div X)) 

-UDiv a {db A d{Div (c o X)) - dc A d{Div {b o X))) 

-UDiv b {dc A d{Div {a o X)) - da A d{Div (c o X))) 

-UDiv c {da A d{Div {b o X)) - db A d{Div {a o X))) 

We are not able to write escort invariant of type (3,5,2) in a compact 
form. 
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Corollary 13.2. 10 -commutator on L = V"ecto(3) is well defined and 
escort invariants are given by 

escort27i : -R(7ri) A^R{ni + 772) (8) -R(27ri + 7T2) A^i?(7ri), 
escort27i{u, a, b, X) — 

du A {nd{Div {[a, b] o X)) + 21d{a o Div{b o X) - b o Div{a o X))) 
-32{d{a ou)A d{Div{b o X)) - d{b ou)A d{Div{a o X))) 
+12{da A d{{b oX)ou)-dbA d{{a oX)ou)) 

-28d[a, b] A d{X o u) 
+16{da A d{X o (6 o u)) - db A d{X o (a o «))), 

escortaeoi : A^R{tii + TTg) ® i?(37ri + 7r„_i) A^R{tti) 

escort3eoi{a,b, c,X) = 
-6{da A d{bo{Div coX))+db A d{co{Div {aoX)))+dc A d{ao{Div {boX)))) 
+Q{da A d{co{Div {boX)))+db A d{ao{Div {coX)))+dc A d{bo{Div [aoX)))) 
-5{da A d{Div ([6, c]oX))+db A d{Div ([c, a]oX))+dc A d{Div ([a, b]oX))) 

escort352 ■■ A^i?(7ri + 712) <S> A^R{2'Ki + 7^2) A^i?(7ri) ^ L_i 
is too big to be presented here. 

All coefficients are calculated by Mathematica and Maple. I am 
gratcftill to Y.I. Manin and M. Jibladze for interest to 10-and 13- com- 
mutators. 
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